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Abstract: Horndeski derived a most general vector-tensor theory in which the vector
field respects the gauge symmetry and the resulting dynamical equations are of second
order. The action contains only one free parameter, λ, that determines the strength of the
non-minimal coupling between the gauge field and gravity. We investigate the cosmological
consequences of this action and discuss observational constraints. For λ < 0 we identify
singularities where the deceleration parameter diverges within a finite proper time. This
effectively rules out any sensible cosmological application of the theory for a negative non-
minimal coupling. We also find a range of parameter that gives a viable cosmology and
study the phenomenology for this case. Observational constraints on the value of the
coupling are rather weak since the interaction is higher-order in space-time curvature.
Keywords: Cosmology of Theories beyond the SM, Classical Theories of Gravity, Space-
time Singularities
Contents
1 Introduction 1
2 Horndeski’s second-order vector-tensor theory 3
3 Dynamics of electric fields in axisymmetric Bianchi type I universes 5
3.1 Electric fields in an anisotropic universe 5
3.1.1 Occurrence of a finite-time singularity 6
3.2 Expansion-normalised autonomous system 8
3.2.1 Fixed points in the dynamical system 9
3.3 Dynamics around the matter-dominated solution 10
3.3.1 Linearisation 11
3.3.2 Stability of the matter-dominated solution 12
3.3.3 Dynamics with λ > 0 in a radiation- or dust-dominated universe 13
3.4 Stability of the other fixed points 15
3.5 Numerical Analysis 17
4 Dynamics of a magnetic field in axisymmetric Bianchi type I 17
4.1 Expansion-normalised autonomous system 19
4.2 Fixed points and their stabilities 20
4.3 Numerical analysis 22
5 Observational constraints 22
6 Conclusion and outlook 26
1 Introduction
In the past few decades, modifying the Einstein’s theory of gravitation has been an active
area of research [1], driven chiefly by the search for different varieties of inflation, the desire
of some to explain flat galaxy rotation curves without dark matter [2], and the challenge of
explaining why the expansion of the universe started to accelerate at late times. It is also
natural to question the validity of general relativity, not least because of its ultra-violet
behaviour which does not give a well-defined quantum field theory. There is a growing
prospect of testing any such deviations from general relativity in very strong gravity fields
by searching for the signatures of gravitational waves created by high-energy astrophysical
phenomena, such as black hole mergers, or by scrutinising detailed observations of the mi-
crowave background anisotropy and statistics in the light of particular theories of inflation.
While there are a plethora of inflationary models, it is difficult to modify general relativity
without spoiling its appealing features and typical modifications end up introducing new
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scalar degrees of freedom, as was the case in the case of Brans-Dicke gravity [3] and its
scalar-tensor generalisations [4–6], or f(R) lagrangian theories of gravity [7–11].
Maxwell’s classical theory of electromagnetism has also been extremely well tested and
there are already strict constraints on potential modifications such as a non-zero photon
mass [12–15] or varying fine structure constant [16–24]. However, there has been renewed
interest in modified electromagnetism in cosmology and there have been attempts to in-
corporate its effects into the dynamics of early universe, particularly during inflation, or
to provide an explanation for cosmological magnetic fields [25–40]. Simple vector fields
themselves are known to have difficulties in producing inflation. The time variation of the
vector field is governed by the covariant time derivative of the field. Since the Christoffel
symbols for an expanding cosmological model are of order the Hubble expansion rate it
is not possible for the vector field to satisfy a slow-roll condition in the way that a scalar
field can [41]. However Einstein-aether theories offer an alternative that permits inflation
[1, 24, 42–51]. In addition, although it was noted that a non-minimal coupling to the
space-time curvature could drive accelerated expansion [52–55], these scenarios suffer from
various instabilities created by additional degrees of freedom arising from the lost gauge
symmetry [56–61]. A different type of extension of the Maxwell case is provided by the
extension to Yang-Mills fields where there can be chaotic behaviour and arbitrarily low
levels of anisotropy [62–64].
Recently, it has been mentioned that a vector-tensor theory, first proposed by Horn-
deski in 1976 [65], could lead to an instability of conventional inflationary universe through
the non-minimal coupling between the vector field and gravity [66]. The action was de-
rived by demanding second-order dynamical equations that reduce to Maxwell’s equations
when evaluated on a Minkowski background and conservation of the U(1) current. These
requirements result in only one additional term in the Lagrangian, and therefore a single
free coupling parameter. Later, it was noticed that this theory falls into a special class of
Kaluza-Klein reductions from higher-dimensional Lovelock invariants [67–69]. In contrast
to the Horndeski scalar field theory [70], which has been discussed in attempts to construct
the most general viable scalar-tensor theory recently, [71–76], except for a brief examina-
tion of the static electromagnetism arising from this action [77], it appears to have escaped
attention. Apart from being briefly mentioned in [66], its cosmological consequences have
not been studied.
In this paper, we will investigate the simplest cosmological model, which is well under-
stood in the minimally coupled case of a Maxwell electromagnetic field [78, 79], containing a
perfect fluid and a vector field whose dynamics are described by the Horndeski Lagrangian.
We find the following results;
1. The instability found in [66] for negative values of the coupling constant persists in
the nonlinear regime and the universe eventually hits a singularity;
2. For a positive coupling constant, the electric field can still be amplified during the
radiation-dominated era while giving a viable cosmology subject to some constraints
on the allowed expansion rate changes at the epoch of primordial nucleosynthesis.
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The first result effectively rules out any interesting cosmological application of this
theory with a negative coupling. For a positive coupling constant, the modification is
rather tame and an enormous value of the coupling in units of the Planck mass is allowed
because of the higher-order nature of the modified term. However, the dynamics is of a
phenomenological interest.
The article is organised as follows. In the next section, the theory is introduced and the
modified Einstein-Maxwell equations are presented. Section 3 is the main part of the article
where the dynamics of purely electric component are studied in an axisymmetric Bianchi
type I universe. In section 4, we repeat the previous analysis for magnetic component.
Section 5 discusses observational constraints and in section 6 we summarise our principal
results.
2 Horndeski’s second-order vector-tensor theory
In 1976, Horndeski showed that the general Lagrangian that can be constructed from a
metric gab and a vector field Aa in four-dimensional space-time that satisfies the following
conditions [65]:
1. the field equations contain at most second-order derivatives of gab and Aa (and do
contain a second-order term);
2. the dynamical equations for Aa respect charge conservation i.e. ∇a(∂L/∂Aa) = 0;
3. the dynamical equations for Aa reduce to Maxwell’s equations when evaluated on
Minkowski space-time;
takes the following form:
L = M
2
pl
2
√−gR− 1
4
√−gFabF ab + LH , (2.1)
where Mpl is the reduced Planck mass, R is the Ricci scalar and Fab = ∂aAb − ∂bAa is
the Faraday tensor. The last term is Horndeski’s modification which can be expressed in
several different ways as
LH = − 3λ
2M2pl
√−gδabcdefklFabF efR klcd (2.2)
=
λ
4M2pl
√−gFabF cd ∗R ∗abcd (2.3)
= − λ
4M2pl
√−g
(
RFabF
ab − 4RabF acF bc +RabcdF abF cd
)
. (2.4)
The dimensionless non-minimal coupling constant λ is the only parameter of the theory.
Our aim is to investigate the cosmological consequences with an arbitrary value of λ and
to determine the parameter range yielding viable phenomenology. The other terms in the
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Lagrangian (2.1) are normalized so that it reduces to the Einstein-Maxwell theory when
λ = 0. Using the Levi-Civita tensor ηabcd, we defined the generalised Kronecker’s delta by
δabcdefkl = δ
a
[eδ
b
f δ
c
kδ
d
l] = −
1
24
ηabcdηefkl
and the double dual of Riemann by
∗R∗abcd =
1
4
ηabefηcdklR
kl
ef .
LH was later identified with the Lagrangian obtained by Kaluza-Klein reduction from the
five-dimensional Lovelock invariant
K = R˜abcdR˜
abcd − 4R˜abR˜ab + R˜2
where R˜abcd is the Riemann tensor in five dimensions [67].
In this paper we use the sign conventions of [80] for the metric, Ricci and Riemann
tensors which are different from those adopted in the previous studies of this model [65, 77].
The dynamical equations derived from this Lagrangian are given as follows:
Variation with respect to gij
M2plGij = FiaF
a
j −
1
4
FabF
abgij + τij, (2.5)
where
τij =
λ
M2pl
(
∇a ∗ Fib∇b ∗ F aj + F abF ca ∗R∗ibjc
)
, (2.6)
Variation with respect to Ai
∇aF ia − λ
M2pl
∇aFbc ∗R∗iabc = 0. (2.7)
We define the dual Faraday tensor as usual:
∗Fab = 1
2
ηabcdF
cd.
In ref.[66], it was observed that (2.7) evaluated on a Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) background could lead to an instability of the vector field. Ignoring the spatial
gradient term, the solution for the comoving electric field strength E evaluated on this
background is given by
E =
E0
a2
(
1 + 2λ
H2
M2pl
)−1
, (2.8)
where E0 is an integration constant, a is the scale factor and H is the Hubble expansion
rate. When λ is negative and −2λH2 & M2pl, the energy density of the electric field
can rapidly increase and eventually diverge, even when the expansion of the universe is
accelerated. Our first goal is to take into account the back reaction of this growing vector
field and examine the fate of the inflationary universe.
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3 Dynamics of electric fields in axisymmetric Bianchi type I universes
In this section and the next, we set M2pl = 1.
3.1 Electric fields in an anisotropic universe
In order to answer the question of back reaction, one needs to look at a fully non-linear
system and solve both (2.5) and (2.7). The simplest generalisation of the FLRW universe
that can accommodate a vector field is the axisymmetric Bianchi type I metric given by
ds2 = −dt2 + e2α(t)
[
e−4β(t)dx2 + e2β(t)
(
dy2 + dz2
)]
. (3.1)
This metric is spatially flat. Note that the (mean) Hubble and shear expansion rates are
given by
H = α˙, σ = β˙.
We consider a homogeneous electric field along the x-direction, which in the gauge A0 = 0
corresponds to the following coordinate basis components for the vector potential:
Aµ = (0, A(t), 0, 0) .
The electric field strength seen by an observer moving with four-velocity uµ = (1, 0, 0, 0) is
given by
E(t) = −A˙e−α+2β ,
where dots denote derivatives with respect to the comoving proper time t. We also include
a perfect fluid with the equation of state p = (γ − 1)ρ and constant γ. Hence, (2.5) yields
the following:
H2 − σ2 = λ (H + σ)2E2 + 1
6
E2 +
1
3
ρ, (3.2)
H˙ +H2 = −2σ2 − 1
6
E2 − 1
6
(3γ − 2)ρ− λ
6
(H + σ) (H + 7σ)E2 (3.3)
+
λE2
6
[
λ (H + σ)2E2 +
1
2
E2 − (γ − 1)ρ+ 4 (H + σ) E˙
E
]
,
σ˙ = −3Hσ + 1
3
E2 +
λ
6
(H + σ) (H + 7σ)E2 (3.4)
−λE
2
6
[
λ (H + σ)2E2 +
1
2
E2 − (γ − 1) ρ+ 4 (H + σ) E˙
E
]
.
We have already reshuffled the Einstein equations to put them into a convenient form.
Eqs.(3.2) and (3.3) correspond to the Friedmann and Raychaudhuri equations, respectively.
Eq.(2.7) can be written as
E˙ = − 2 (H + σ)
1 + 2λ (H + σ)2
[
1 + 2λ (H + σ)2 + 2λ
(
H˙ + σ˙
)]
E. (3.5)
The fluid obeys the usual adiabatic decay law:
ρ˙ = −3γα˙ρ. (3.6)
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Equations (3.2) - (3.6) form a closed set of non-linear ordinary differential equations. The
Friedmann equation (3.2) measures the dynamical significance of each matter component.
To gain an insight into the effect of the Horndeski’s extra non-minimal coupling, let
us assume that Horndeski’s modification term is dominant, that is∣∣∣λ (H + σ)2E2∣∣∣≫ E2, ρ.
The Friedmann equation (3.2) becomes
H2 − σ2 ∼ λ (H + σ)2E2, (3.7)
which means that the universe must be strongly anisotropic when λ < 0. Using the same
approximation, (3.5) reduces to
E˙
E
∼ −1− 2λσ (H + σ)
λ (H + σ)
.
Now, (3.3) becomes
H˙ +H2 ∼ −2σ2,
which is equivalent to the usual Einstein equation in an empty Bianchi I universe dominated
by the shear because the back-reaction of the Horndeski term exactly cancels out at leading
order. The same is true in the shear evolution equation, as (3.4) yields
σ˙ ∼ −3Hσ,
so that the universe isotropises in the same way as a (flat) universe containing only perfect
fluids. We conclude that the Horndeski modification LH is fairly innocuous despite the
formidable appearance of its energy-momentum tensor. It should only be able to affect the
evolution of the universe when its contribution is comparable to the conventional Maxwell
term or the matter.
3.1.1 Occurrence of a finite-time singularity
The evolution equation for electric field (3.5) is rather similar to the linearized equation
yielding the solution (2.8), although it is fully non-linear in the present setup. In fact, we
can integrate (3.5) analytically and obtain
E =
E0
e2(α+β)
1
1 + 2λ (H + σ)2
. (3.8)
This is essentially the same as the solution in FLRW background (2.8). Unless there is a
mechanism within (3.2) - (3.6) that prevents (H + σ)2 from reaching −1/2λ, there should
be a range of initial conditions for which the system eventually hits a singularity. Since the
system comes close to this singularity precisely when Horndeski’s modified term becomes
comparable to the Maxwell term ∣∣∣λ (H + σ)2E2∣∣∣ ∼ E2,
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we may see unusual dynamical behaviours in this regime.
Let us see what happens to the evolution of the spatial geometry when the system
approaches the singularity. For this purpose, it is useful to write down the evolution
equation for H + σ, which we can cast into the following form;
H˙ + σ˙ = −1
2
[
3 (H + σ)2 + (γ − 1) ρ
]
+
1 + 2λ (H + σ)2
4
E2. (3.9)
It is immediately clear that the right-hand side is negative definite when γ ≥ 1 and λ < 0
for initial conditions satisfying
(H + σ)2 > − 1
2λ
. (3.10)
Therefore, the singularity is inevitable regardless of the initial conditions for γ ≥ 1 as long as
H+σ > 0 is sufficiently large initially. Although it does not apply to inflationary universes
with 0 < γ ≪ 1, we already know H + σ decreases monotonically while ρ dominates the
evolution of the universe. Thus, if the condition (3.10) holds initially, E eventually grows
and any matter domination, and hence inflation, comes to an end. Once the electric field
starts to dominate the dynamics, the right-hand side of (3.9) is again negative definite and
the singularity must be reached. While we are unable to eliminate the possibility that
H˙ + σ˙ turns to positive and the universe manages to avoid the singularity during a brief
period of matter-electric equality, numerical calculations suggest otherwise (see figure 1).
E2
Ρ
H + Σ
H
0.05 0.10 0.15 0.20 0.25 0.30 0.35
t
0.5
1.0
Figure 1. The approach towards the singularity for λ = −2, γ = 0.1 and H + σ > 0. The initial
conditions are ρ = 0.7, H = 0.4, σ = 0.2. The universe is initially dominated by the matter with
p/ρ = −0.9. There is no sign of avoiding the singularity located around t ∼ 0.38. H becomes
negative just before the singularity, which means the universe recollapses.
Since the instability condition (3.10) roughly corresponds to the one for Horndeski’s
term to have a significant effect compared to the Maxwell term in the Lagrangian, it
effectively rules out any sensible cosmological application of the theory with a negative λ.
We have not discussed the case of negative H + σ since it describes either a collapsing
universe or excessively anisotropic one. Close examination of (3.3) indicates recollapse or
bounce right before hitting the singularity, both deriving from the violation of the weak
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energy condition. These behaviours are also observed in our numerical solutions of the
equations (see figure 2).
E2
Ρ H
H + Σ
0.01 0.02 0.03 0.04 0.05
t
-0.5
0.5
1.0
1.5
2.0
2.5
Figure 2. The approach towards the singularity for λ = −2, γ = 0.1 and H + σ < 0. The initial
conditions are ρ = 0.7, H = −0.29, σ = −0.2. The universe is initially contracting, but eventually
bounces and rapidly expands before it reaches the singularity around t ∼ 0.058.
3.2 Expansion-normalised autonomous system
In the previous subsection, we saw that the theory with a negative coupling, λ, should
lead to pathological dynamics when the Horndeski modification has an appreciable effect.
On the other hand, when λ is positive there is no danger of a singularity. The energy
density is positive definite and we expect some viable cosmological dynamics. In order to
carry out a more systematic investigation, it is always useful to rewrite the equations in
terms of density parameters defined for each matter component, including the Horndeski
contribution. It also enables us to apply the conventional methods of dynamical systems
analysis.
We introduce the following normalised variables:
Σ =
σ
H
, ΩM =
E2
6H2
, ΩH = 6λ (H + σ)
2 ΩM , Ωm =
ρ
3H2
,
where ΩH ≷ 0 correspond to λ ≷ 0 respectively. The normalised Friedmann equation
1 = Σ2 +ΩH +ΩM +Ωm, (3.11)
will be used as the standard measure of the dynamical significance of each component. In
particular, when ΩH > 0, all the parameters are bounded by 1 so that their values have
a clear physical interpretation. Note that Ωi = ρi/3H
2 for i = (M,H), where ρM and
ρH represent the minimal and non-minimal contribution to the vector field energy density,
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respectively. From (3.3), we define the deceleration parameter as
q = − H˙
H2
− 1
= 2Σ2 +ΩM +
3γ − 2
2
Ωm − (ΩM − ΩH)ΩH
2 (1 + Σ)2
(
1− 3(γ − 1)Ωm
3ΩM +ΩH
)
(3.12)
+
ΩH
2 (1 + Σ) (3ΩM +ΩH)
(3 (3 + 5Σ)ΩM − (1− Σ)ΩH) .
Following the standard method [81], we switch the time coordinate from t to α. Using
(3.11) and (3.12), we derive the following evolution equations for the expansion-normalised
variables:
dΣ
dα
= (q − 2)Σ− 2Σ2 +ΩM − 3γ − 2
2
Ωm + q, (3.13)
dΩM
dα
= 2ΩM
[
q + 1− ΩH
1 + Σ
(
1− 3(γ − 1)Ωm
3ΩM +ΩH
)
− 6ΩM −ΩH
3ΩM +ΩH
(1 + Σ)
]
, (3.14)
dΩH
dα
= 2ΩH
[
q − 2Σ + ΩM − ΩH
1 + Σ
− 6ΩM − ΩH
3ΩM +ΩH
(1 + Σ) (3.15)
− Ωm
1 + Σ
(
3γ − 2
2
− 3 (γ − 1)ΩH
3ΩM +ΩH
)]
,
dΩm
dα
= (2q − 3γ + 2)Ωm. (3.16)
These four equations are not independent since they are related by the first integral (3.11).
3.2.1 Fixed points in the dynamical system
We first classify the fixed points. Since the subsystem specified by ΩH = 0 is identical to
the magnetic Bianchi type I discussed in [78, 79], we know there must be at least four fixed
points of physical interest:
Flat Friedmann universe : F
(Σ,ΩM ,ΩH ,Ωm) = (0, 0, 0, 1) .
Electric Bianchi type I : E
(Σ,ΩM ,ΩH ,Ωm) =
(
3γ − 4
4
,
3
16
(2− γ) (3γ − 4) , 0, 3
8
(4− γ)
)
.
The existence condition is γ > 4/3.
Kasner solutions : K±
(Σ,ΩM ,ΩH ,Ωm) = (±1, 0, 0, 0) .
In addition, there appears a fixed point describing a universe dominated by the Horn-
deski energy density:
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ΩH-dominated universe : HE
(Σ,ΩM ,ΩH ,Ωm) = (0, 0, 1, 0) .
The deceleration parameter for this solution is q = 0, which is consistent with the
analysis in section 3.1 where we showed that the back-reaction of the vector field
exactly cancels out to leading order when the energy density is dominated by Horn-
deski’s modification term.
There are subtleties regarding these fixed points. First of all, E and HE do not
represent physical space-times when λ 6= 0 since they imply H = σ = 0 and (H +σ)−1 = 0
respectively. It does not mean these fixed points are irrelevant in the dynamics, however,
since they may be reached asymptotically from finite H and σ in the far past or future.
We shall see an example of this in figure 7. Secondly, F and K± must be treated with
care since some of the denominators appearing in the evolution equations (3.13)-(3.16)
vanish on those fixed points. Nevertheless, it does not mean they are unphysical since they
are well-behaved when appropriate limits are taken for the numerators. But the analysis
requires evaluation of 0/0, which implies the stabilities may depend on the way the fixed
point is approached. It is a consequence of the fact that H is not decoupled from the
normalised variables, and implicitly appears in the definition of ΩH . While a fixed point
in the expansion-normalised equations usually represents a self-similar solution that is
invariant under a scale transformation, the dynamical effect of the Horndeski modification
depends on the scale of the curvature, or the size of the universe. Therefore, it is not
surprising to see the stability change depending on each orbit with its specific value of H.
We will find this is indeed the case.
3.3 Dynamics around the matter-dominated solution
From physical point of view, by far the most interesting fixed point is F because it can be
regarded as a model of the late-time evolution for the universe when γ = 1 (dust) or γ = 4/3
(radiation), and also a model of inflation when γ < 2/3. We have already mentioned the
instability against perturbations of the electric field for λ < 0. The condition for the
occurrence of a singularity (3.10) translates into
3ΩM +ΩH < 0 (3.17)
in the new variables. Here, we shall see that this condition coincides with the instability
condition for F and otherwise the dynamics is trivial. We also study the stability for
positive λ and show that it depends on the value of H.
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3.3.1 Linearisation
For the purpose of linearisation around F , it turns out to be convenient to eliminate Ωm
using the Friedmann equation (3.11) and rewrite the equations as
dΣ
dα
= fΣ(Σ,ΩM ,ΩH), (3.18)
dΩM
dα
= fM(Σ,ΩM ,ΩH), (3.19)
dΩH
dα
= fH(Σ,ΩM ,ΩH), (3.20)
whose right-hand sides we avoid writing down explicitly as they are lengthy. While there
are apparent 0/0s in those equations when they are evaluated on F , they should be all well
defined if an appropriate limit is taken along an arbitrary reference orbit. To proceed, we
evaluate the functions fi, i = Σ,M,H for Σ = 0 and then take the limit (ΩM ,ΩH)→ (0, 0):
lim
(ΩM ,ΩH )→(0,0)
fΣ(0,ΩM ,ΩH) = −2γL2,
lim
(ΩM ,ΩH )→(0,0)
fM(0,ΩM ,ΩH) = −2γL2,
lim
(ΩM ,ΩH)→(0,0)
fH(0,ΩM ,ΩH) = 6γL2,
where we have introduced a notation
Ln = lim
(ΩM ,ΩH )→(0,0)
(ΩH)
n
3ΩM +ΩH
,
which will also be used later. When ΩH > 0, or equivalently λ > 0, we have L2 = 0
and the fixed point F is always well defined as it should be. The existence of the limit is
inconclusive when ΩH < 0 (λ < 0) and the orbit satisfies
lim
(ΩM ,ΩH)→(0,0)
ΩH
ΩM
= −3. (3.21)
However, such an orbit merely represents one that ends up in the singularity 2λ(H+σ)2 =
−1. Since we have already discussed this case in detail, we exclude those orbits from our
consideration here. As long as an orbit does not hit the singularity when approaching F ,
L2 should exist and be equal to zero.
Since the right-hand sides can be evaluated only as a limit associated with each ref-
erence orbit, the linearisation takes an extra step. We first expand the equations around
an arbitrary point (Σ0,ΩM0,ΩH0) and then take the limit (Σ0,ΩM0,ΩH0)→ (0, 0, 0). The
resultant linear equations are given as follows:
dδΣ
dα
=
3
2
(γ − 2)δΣ + (2 + 6γL21) δΩM + 12 [γ + 2 + 4γL1 (L1 − 2)] δΩH , (3.22)
dδΩM
dα
=
(
3γ − 4 + 6γL21
)
δΩM + 2γ (L1 − 1)2 δΩH , (3.23)
dδΩH
dα
= −18γL21δΩM − 2 [2 + 3γL1 (L1 − 2)] δΩH , (3.24)
– 11 –
where the δs preceding the variables denote their small perturbation. Unless the orbit is
the singular one specified by (3.21), L1 is finite and therefore these linearised equations are
well defined. However, the asymptotic value of L1 does depend on each orbit. Going back
to its definition, one notices that
L1 =
R
R+ 3 ,
where
R = ΩH
ΩM
= 6λ(H + σ)2.
We already know its behaviour near F since we have
R ∼ 6λH2 ∼ 2λρ.
Solving (3.6), we obtain
R = R0e−3γα, (3.25)
where R0 is an orbit-specific constant. We also note that
δΩH = RδΩM (3.26)
along each orbit, so that we have an additional linear constraint. Now, the linearized
equations (3.22)-(3.24) can be written
dδΣ
dα
=
3
2
(γ − 2)δΣ + 1
3 +R
(
6 +
1
2
R[10 + 3γ −R(3γ − 2)]) δΩM , (3.27)
dδΩM
dα
= δΩM
[
3γ − 4 + 6γR
3 +R
]
, (3.28)
dδΩH
dα
= δΩH
[
−4 + 6γR
3 +R
]
. (3.29)
and we can easily read off the eigenvalues of the linearization matrix(
3
2
(γ − 2), 3γ − 4 + 6γRR+ 3 ,−4 +
6γR
R+ 3
)
. (3.30)
Notice that the eigenvalues are orbit and time dependent throughR(α). As it was necessary
to take a non-standard approach to obtain the eigenvalues, we will later confirm the validity
of the result by performing numerical calculations.
3.3.2 Stability of the matter-dominated solution
The first of the eigenvalues (3.30) is negative and represents the stability of F against per-
turbation of Σ. Since the third eigenvalue is always smaller than the second, the condition
for the stability is
3γ − 4 + 6γRR+ 3 < 0.
Let us first consider λ > 0, which corresponds to R > 0. In this case, we have
0 <
R
R+ 3 < 1,
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and consequently F is definitely stable for γ < 4/9, which means positive λ cannot be
relevant in the context of inflation, and F is unstable for γ > 4/3. For 4/9 < γ < 4/3, the
stability is orbit-dependent. When an orbit satisfies
R > 12− 9γ
9γ − 4 , (3.31)
it runs away from F . When R is smaller than this threshold value, the orbit is attracted
towards F . Note that the value of R is time-dependent so that the stability can change
over the course of the evolution. In particular, from (3.25), R is monotonically decreasing
as long as the orbit stays close to the matter-dominated solution. We can immediately
conclude that for orbits with R < (12− 9γ)/(9γ − 4), the stability does not change as the
universe expands. For those satisfying (3.31), they typically become stable asymptotically
in the future since R can only increase when the universe is dominated by both Maxwell’s
and Horndeski’s terms. For a physically interesting range of initial conditions, we shall
later confirm that the instability of the electric field saturates before the orbit goes too far
from F and eventually comes back to it.
For λ < 0, the dynamics is very different – depending on R ≷ −3. As was already
mentioned, the critical value R = −3 corresponds to the singularity 2λ(H + σ)2 = −1
discussed in section 3.1.1. Firstly, R ∈ (−3, 0) implies R/(R+ 3) ∈ (−∞, 0) and therefore
the orbits in this range are stable as long as γ < 4/3. For R < −3, we have R/(R+ 3) ∈
(1,∞) and R monotonically increases in the vicinity of F . It approaches R = −3 from
below and therefore any orbit eventually becomes unstable. Since we already know R = −3
is the singularity, we conclude that the orbits with this range of initial R can never settle
down at F , regardless of the equation of state parameter γ; see figure 3 for simulation
of an inflationary universe with initial conditions satisfying R = −100. The solution
approaches F until R is close to the critical value in which case the universe moves away
from F . After leaving F , we expect the system enters the regime where Ωm is dynamically
negligible. Then the analysis in the section 3.1.1 applies and the singularity is inevitable.
3.3.3 Dynamics with λ > 0 in a radiation- or dust-dominated universe
We have found that the theory is quite innocuous for positive non-minimal coupling con-
stant, λ, in which case there is no singularity and the Friedmann solution F is stable at
late times. However, as shown above, there is a transient period where F is unstable for
fluids satisfying γ > 4/9. In this period, ΩM and ΩH grow and, if the instability does
not saturate before they become too large, the universe will eventually become strongly
anisotropic. Since this introduces potential problems in the radiation or dust-dominated
epoch, it is of interest to specify the range of initial conditions such that the universe is
close to F at all the subsequent times, i.e., |Ωm − 1| ≪ 1. In this subsection, therefore, we
investigate the dynamics close to F in more detail for dust (γ = 1) and radiation (γ = 4/3)
with a positive non-minimal coupling constant (λ > 0⇔ ΩH > 0).
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Figure 3. Simulation of (3.13)-(3.15) for an inflationary universe with γ = 0.1 and initial conditions
close to F (Σ = −0.01, ΩM = 0.0001, ΩH = −0.01). The singularity at 3ΩM + ΩH = 0 occurs at
time α = 11.65.
We can easily solve the linearized equations (3.28) and (3.29) exactly:
δΩM (α) = δΩM0
(
3 +R0
3 +R
)2
e−(4−3γ)α, (3.32)
δΩH(α) = δΩH0
(
3 +R0
3 +R
)2
e−4α, (3.33)
where δΩM0 and δΩH0 are integration constants. At late times, when R ∝ e−3γα → 0,
the Maxwell and Horndeski densities decay as δΩM ∝ e−(4−3γ)α and δΩH ∝ e−4α. This
is consistent with F being an attractor at late times as shown above. When R ≫ 3, the
Maxwell and Horndeski densities grow as δΩM ∝ e(9γ−4)α and δΩH ∝ e2(3γ−2)α. We note
that the maximum values of δΩM and δΩH occur when R = (12 − 9γ)/(−4 + 9γ) and
R = 6/(3γ − 2), respectively. Taking into account the linear constraint (3.26), it follows
that the maximum values of both ΩM and ΩH are roughly equal. Now we find that the
initial conditions must satisfy
δΩH0 ≪ (δΩM0)
1
2 ⇔ λ≪ (E0H0)−1 (3.34)
in a radiation-dominated universe and
δΩH0 ≪ (δΩM0)
2
5 ⇔ λ≪ (E0)−
6
5 (H0)
−
4
5 (3.35)
in a dust dominated universe to ensure that |Ωm − 1| ≪ 1 at all the subsequent times. In
figures 4 and 5, we show a numerical integration of the full non-linear equations (3.13)-
(3.15) for radiation and dust, respectively. Since the initial conditions just barely satisfy
the conditions (3.34)-(3.35), the peak values of ΩH and ΩM are at the one-percent level
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of the total energy budget. Note that, to good accuracy, we have Σ ≶ 0 when ΩM ≶
ΩH . This introduces the possibility of cancelling the effects of spatial anisotropy on the
Cosmic Microwave Background (CMB), which will be discussed in section 5. Under the
assumption that the theory describes a generalised electrodynamics, we show in section 5
that the amplification of the electric field must come to an end before the start of big bang
nucleosynthesis, when the temperature is T ≃ 1 MeV. This still leaves the possibility open
for a huge amplification of electric fields in the period between inflationary reheating and
the nucleosynthesis. In the period of amplification, the electric field grows very quickly,
ΩM ∝ e8α. After the peak value is reached, ΩH rapidly decays and soon becomes negligible.
At that stage, the dynamics becomes similar to the conventional electrodynamics; ΩM
decays logarithmically (constant at the linear level) until the dust-dominated epoch when
it decays as ΩM ∝ e−α.
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Figure 4. Simulation of (3.13)-(3.15) for radiation (γ = 4/3) and a positive non-minimal coupling
coupling constant (λ > 0). Initial conditions (Σ = −3∗10−9, ΩM = 10−14, ΩH = 2∗10−8) are such
that the orbit is always close to the Friedmann solution F . From the logarithmic plot to the right
it is clear that the ratio ΩH/ΩM is monotonically decaying in agreement with equation (3.25).
3.4 Stability of the other fixed points
Given the complexity of the dynamics, it is also helpful to analyse the stability of the other
fixed points. Here we present the eigenvalues for K+, M and HE. The linear stability
analysis for K− is inconclusive since we have H+σ = 0, E = 0 there, and so the Horndeski
energy density 3λ(H + σ)2E2 is generically second order in perturbation. Our numerical
simulations in the next subsection indicate that K− is a past attractor for λ > 0.
When either ΩM or ΩH is nonzero, the stability analysis is straightforward since there
is no orbit-dependence. We obtain the following eigenvalues:
Fixed point M (
−3
4
[
2− γ ±
√
(2− γ)(3γ2 − 17γ + 18)
]
,−3γ
)
,
– 15 –
2 4 6 8 10 12
Α
-0.002
0.002
0.004
0.006
0.008
0.010
WH
WM
S
0 2 4 6 8 10 12
Α
10-12
10-10
10-8
10-6
10-4
WH
WM
ÈSÈ
Figure 5. Simulation of (3.13)-(3.15) for dust (γ = 1) and a positive non-minimal coupling coupling
constant (λ > 0). Initial conditions (Σ = −7.5 ∗ 10−8, ΩM = 10−14, ΩH = 5 ∗ 10−7) are such that
the orbit is always close to the Friedmann solution F . From the logarithmic plot to the right it is
clear that the ratio ΩH/ΩM is monotonically decaying in agreement with equation (3.25).
Fixed point HE
(±2, 2 − 3γ) .
Whenever M exists (γ > 4/3), it is a future attractor. The new fixed point HE is a
saddle regardless of γ, and the orbit is temporarily attracted towards it for initial conditions
close to F that fail to satisfy the conditions (3.34)-(3.35). We did not find the dynamics
around this solution to be of any phenomenological interest.
The eigenvalues of K+ is dependent on each reference orbit and the linearisation can
be carried out in a similar way as for F in section 3.1.1. In the end, we derive the following
equations:
dδΣ
dα
= 3(2 − γ)δΣ + 24− 9γ +R [2R+ 38− 3γ(R + 4)]
2(R+ 3) δΩM ,
dδΩM
dα
=
10R− 6
R+ 3 δΩM ,
dδΩH
dα
=
4R− 24
R+ 3 δΩH ,
and read off the eigenvalues: (
3(2− γ), 10R− 6R+ 3 ,
4R− 24
R+ 3
)
.
The first eigenvalue is associated with the perturbation of Ωm and positive so that K+
cannot be a future attractor. The time-dependence of R = 6λ(H+σ)2 around K+ is given
by evaluating (3.9) with H ∼ σ as
R ∼ R0e−6α.
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For R < 0, the situation is analogous to F except thatK+ is irrelevant to future asymptotic
behaviour. An orbit with R < −3 initially reaches the singularity while K+ is a saddle
point for the others. For R > 0, the stability changes over the course of the evolution.
3.5 Numerical Analysis
We conclude this section by showing two visualizations that confirm the analysis of this
section, and suggest that K− is a past attractor (which is the case in the minimally coupled
theory) for λ > 0. Figure 6 shows a phase portrait of the invariant subset Ωm = 0 (a
universe without the fluid). This subset is effectively two dimensional by the Friedmann
equation (3.11) and the phase space is completely characterised by the variables Σ and ΩM .
The green shaded region corresponds to λ > 0. It clearly shows that K− is a past attractor
for λ > 0 on this subspace. Note the existence of stream lines directed towards K− in
the λ < 0 region indicating orbit dependence of the stability for a negative non-minimal
coupling constant. In the region λ < 0, there are two distinct flows inside and outside
the bold red lines that denote the location of the singularity. The outer region is marked
with a red mesh and corresponds to the pathological region (3.17) where the singularity is
inevitable. Note that (3.17) can be written 1 + 2ΩM < Σ
2 + Ωm which explains why the
entire region Σ2 < 1 is non-pathological on the subspace Ωm = 0. When a fluid is included,
however, the singularity can be reached even from a small initial shear (for example figure
3). Figure 7 shows the full three-dimensional phase flow for a few orbits with λ > 0, which
demonstrates the past-stability of K− and confirms the time-dependent stability of F .
4 Dynamics of a magnetic field in axisymmetric Bianchi type I
In the usual electromagnetism, Maxwell’s equations treat electric and magnetic fields in
a symmetric manner. In the context of Bianchi cosmologies, source-free pure electric and
magnetic fields are mathematically indistinguishable. The modification LH breaks this
duality. Let us consider a homogeneous magnetic field along x-axis in the spacetime (3.1).
In parallel to the electric field of the previous section, we define B as the magnetic field
seen by a comoving observer:
F ≡ 1
2
Fab dx
a∧dxb = B(t)(eα+βdy) ∧ (eα+βdz). (4.1)
Contrary to the electric case, equation (2.7) is trivially satisfied for this Faraday tensor.
Instead the evolution of the comoving magnetic field is given by the Bianchi identity dF = 0
which leads to
B˙ = −2 (H + σ)B. (4.2)
In contrast to the peculiar dynamics of the electric field, there is no modification to the
evolution equation for the magnetic field since it comes from the closedness of the field-
strength 2-form. Then, we can solve it easily to obtain
B =
B0
e2(α+β)
. (4.3)
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Figure 6. Phase flow for the subsystem Ωm = 0 in the electric case. The green shaded region
corresponds to λ > 0. The red bold line is the position of the singularity, while the red mesh is the
region where the singularity is inevitable.
This simply means the magnetic field is adiabatically decaying due to the expansion of the
universe.
The Einstein equations can be written in the following convenient from:
H2 = σ2 +
1
3
ρ+
1
6
B2 − 2
3
λ (H + σ) (H − 2σ)B2, (4.4)
H˙ +H2 = − 1
1 + λB2
[
H2 +Hσ + 2σ2 +
2
3
(γ − 1) ρ− 2λH (H + 2σ)B2
]
(4.5)
+
1
2(1 + λB2)2
[
(H + σ)2 +
γ − 1
3
ρ− 1
6
B2 − 4
3
λ (H + σ)2B2
]
,
H˙ + σ˙ = − 1
1 + λB2
[
3σ (H + σ)− 3λH (H + σ)B2 + γ
2
ρ
]
. (4.6)
Again, there appears to be a problem for negative λ when λB2 ∼ −1. This time, the
singularity stems from the Einstein equations instead of the evolution equation for Fab as
in the electric case. From (4.6), it is clear that H˙ + σ˙ is positive definite in an expanding
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Figure 7. Simulations of the non-linear equations (3.13)-(3.15) for a radiation fluid (γ = 4/3).
All the orbits correspond to a positive non-minimal coupling, λ > 0. The thick red line starts from
K+, gets repelled from F and eventually comes back to it, which confirms the time-dependence of
the stability for F . All the other orbits traverse from K
−
to F indicating K
−
is a past attractor.
universe (H > 0) for initial conditions satisfying
H + σ > 0, −λB2 > 1. (4.7)
According to (4.3), B2 decays in this regime and consequently the system has to reach
the singularity λB2 = −1. As one can see in figure 8, the shear becomes negative before
reaching the singularity. The behaviour is insensitive to the initial conditions or value of
λ whenever −λB2 > 1 initially. This condition coincides with the one for the Horndeski
modified term to have a significant contribution to the dynamics. We conclude that λ < 0
is pathological for the magnetic case too.
While there is no divergent behaviour for positive λ, the energy density of the magnetic
field is not necessarily positive, in contrast to the electric field case. This will not cause
any problem for ordinary expanding universes with H + σ > 0 since the solution (4.3)
ensures monotonic decrease of B. However, it may result in unusual behaviours when we
go backwards in time. We repeat the dynamical system analysis of the previous section
and show that λ > 0 is cosmologically viable.
4.1 Expansion-normalised autonomous system
We introduce the following normalised variables:
Σ =
σ
H
, ΩM =
B2
6H2
, ΩH = −2
3
λ (1 + Σ) (1− 2Σ)B2, Ωm = ρ
3H2
.
The normalised Friedmann equation takes the canonical form
1 = Σ2 +ΩH +ΩM +Ωm. (4.8)
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Figure 8. Occurrence of the singularity for λ = −2, γ = 1. Initial conditions are H = 5.1, σ =
2.9, B = 1. In fact, the dynamics is more or less the same for any values of parameters or initial
conditions as long as −λB2 > 1. In this case, while the magnetic field is subdominant in the
Friedmann equation (4.4), it still affects the evolution of H and σ and causes their divergences.
Note that σ/H → −1 as the singularity is approached. This implies the approach towards the
singularity appears as a flow into K
−
in the expansion-normalised variables.
In contrast to the electric field, ΩH is not positive definite regardless of the sign of λ.
Following the steps of the previous section, we rewrite (4.5) as a defining equation for the
deceleration parameter:
q = − 2 (1 + Σ) (1− 2Σ)
3ΩH − 2 (1 + Σ) (1− 2Σ)
[
1 + Σ + 2Σ2 + 2(γ − 1)Ωm + 3 (1 + 2Σ)
(1 + Σ) (1− 2Σ)ΩH
]
− 2 (1 + Σ)
2 (1− 2Σ)2
[3ΩH − 2 (1 + Σ) (1− 2Σ)]2
[
(1 + Σ)2 + (γ − 1)Ωm − ΩM + 2 (1 + Σ)
1− 2Σ ΩH
]
.
We derive the following evolution equations for the normalised variables:
dΣ
dα
= (1 + q)(1 + Σ) (4.9)
+
6 (1 + Σ) (1− 2Σ)
3ΩH − 2 (1 + Σ) (1− 2Σ)
[
Σ (1 + Σ) +
γ
2
Ωm +
3
2 (1− 2Σ)ΩH
]
,
dΩM
dα
= 2 (q − 1− 2Σ)ΩM , (4.10)
dΩH
dα
= −4(1 + Σ)ΩH − 1 + 4Σ
(1 + Σ) (1− 2Σ)ΩH
dΣ
dα
, (4.11)
dΩm
dα
= (2q − 3γ + 2)Ωm. (4.12)
4.2 Fixed points and their stabilities
We repeat the standard stability analysis. The structure of the state space is analogous to
the electric case. There are four fixed points residing in the conventional magnetic Bianchi
type I, and another with non-vanishing ΩH .
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Flat Friedmann universe : F
(Σ,ΩM ,ΩH ,Ωm) = (0, 0, 0, 1)
with eigenvalues
(−4,−3
2
(2− γ) , 3γ − 4). (4.13)
Since the evolution equation of the magnetic field is well-behaved, the linearisation
can be carried out as usual. The stability does not change from the usual magnetic
cosmologies. F is a future attractor for γ < 4/3. Note the zero eigenvalue in the
radiation case (γ = 4/3).
Magnetic Bianchi type I : B
(Σ,ΩM ,ΩH ,Ωm) =
(
3γ − 4
4
,
3
16
(2− γ) (3γ − 4) , 0, 3
8
(4− γ)
)
with eigenvalues (
−3
4
(
2− γ ±
√
(2− γ)(3γ2 − 17γ + 18)
)
,−3γ
)
. (4.14)
The existence condition is γ > 4/3 and it is always stable.
Kasner solutions : K±
(Σ,ΩM ,ΩH ,Ωm) = (±1, 0, 0, 0) .
The eigenvalues for K+ are easily computed as
(3(2 − γ),−2,−8), (4.15)
indicating it is a saddle while being a future attractor for the subsystem Ωm = 0.
For K−, we have the same indeterminacy of the linear stability as was encountered
in the electric case. It will be examined by numerical analysis later.
ΩH-dominated universe : HB
(Σ,ΩM ,ΩH ,Ωm) =
(
1
2
, 0,
3
4
, 0
)
.
This fixed point does not itself represent a physical solution since it corresponds to
the limit −λ(H + σ)(H − 2σ) → ∞. As in the electric case, this does not mean
that it is dynamically irrelevant since it can be reached asymptotically from finite
H and σ (see figure 11). Note that q = 0 for this fixed point which means that the
back-reaction of the vector field exactly cancels out like for the Horndeski-dominated
solution in the electric case. Its eigenvalues are given by
(−12,−3(γ + 2), 6) . (4.16)
Therefore it is always a saddle point.
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4.3 Numerical analysis
Since the uniform magnetic field decays adiabatically, the evolution close to the Friedmann
solution F is trivial compared to the electric case. Near F , ΩM evolves as in the con-
ventional electromagnetism; logarithmically decaying (constant at the linear level) in the
radiation era (γ = 4/3) because of the zero eigenvalue, and in proportion to e−α in the dust
era (γ = 1), see [82–84]. It follows immediately from its definition that ΩH ∝ B2 ∝ e−4α,
i.e., the evolution is independent of the equation of state of the perfect fluid. See figure 9
for a simulation of the full non-linear equations (4.9)-(4.11) close to F .
It is again helpful to visualise the global structure of the phase space. Figure 10 shows
a phase portrait of the invariant subset Ωm = 0. The green shaded region corresponds to
λ > 0. It is clearly seen that K− is a past attractor for λ > 0 on this subspace. Note
the existence of stream lines directed towards K− in the region λ < 0. They indicate orbit
dependence of the stability for a negative non-minimal coupling constant value. The red
mesh corresponds to the pathological region (4.7) where a singularity, marked with the red
bold line, is inevitable. Note, from its definition, that ΩH = 0 when Σ = 1/2. Therefore,
although it has no physical significance, the point (ΩM ,Σ) = (3/4, 1/2) appears as if it
were a fixed point. Figure 11 shows the full three-dimensional phase flow for a few orbits
with λ > 0. Overall, our simulations indicate that K− is a past attractor for λ > 0.
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Figure 9. Simulation of (4.9)-(4.11) close to the Friedmann solution F for dust (γ = 1) to the left
and radiation (γ = 4/3) to the right. Initial conditions were Σ = 10−8, ΩM = 10
−8, ΩH = 10
−2.
5 Observational constraints
In this section, we shall discuss the possibility of detecting any signature of the theory
with a positive coupling constant λ in the standard cosmology. Since the correction term
comes with a factor of the space-time curvature which is tiny in the units of Planck mass,
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Figure 10. Phase flow for the subsystem Ωm = 0 in the magnetic case. The green shaded region
corresponds to λ > 0. The red bold line is the position of the singularity, while the red mesh is the
region where the singularity is inevitable. In the meshed region, the flow goes towards K
−
. For
λ > 0, K
−
appears to be a past attractor.
one expects that a large value of the parameter λ is required to see any appreciable effect.
Combining the constraint on spatial anisotropy coming from big bang nucleosynthesis [85]
and the validity of the Maxwellian electromagnetism in terrestrial environments, we will
show that the growth of the electric effect discussed in section 3.3.3 must have come to an
end before the CMB temperature dropped below T ∼ 0.1 MeV. After that time, ΩH decays
much faster than ΩM , and so the effect of the Horndeski Lagrangian term is completely
negligible at late times. Since we restrict ourselves to the dynamics around FLRW in this
context, the magnetic case will not be discussed in detail due to its trivial evolution seen
in the previous section.
A non-minimal coupling of electrodynamics to gravity is known to cause a number of
observational effects, such as frequency-dependent bending of light in gravitational fields
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Figure 11. Simulations of the non-linear equations (4.9)-(4.11) for a radiation fluid (γ = 4/3).
All orbits correspond to a positive non-minimal coupling, λ > 0. For each orbit, phase flow is in
the direction towards the Friedmann solution F, and initial conditions are close to K
−
with non-
vanishing perfect fluid and the vector field, which underwrites the past stability of K
−
. The thick
blue orbit temporarily leaves the boundary of the box. After it returns, it has transient periods
close to HB and K+ before settling down at F .
[86]. Since those effects must be suppressed in terrestrial environments, we require
|LH | ≪
∣∣∣∣−14F 2
∣∣∣∣ (5.1)
evaluated around the Earth. In an orthonormal basis, the components of the Riemann ten-
sor for the Schwarzschild solution are of order Rabcd ∼ Rs/r3, where Rs is the Schwarzschild
radius and r is the radial coordinate in Schwarzschild coordinates. Inserting the radius and
mass of the Earth, we find that the constraint (5.1) is equivalent to
|λ| ≪ r
3
Rs
M2pl ∼ 1090, (5.2)
in which the upper limit appears enormous since we have used a large mass scale (Mpl)
to normalise the non-minimal coupling constant (which is a reasonable convention in the
context of modified gravity). From the linear analysis in section 3.3.3, we know that both
ΩM and ΩH start to decay when
R ≡ ΩH
ΩM
≃ λ H
2
M2pl
(5.3)
is close to unity. At the time R ∼ 1, the expansion rate must satisfy
H ≫ 10−45Mpl (5.4)
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to be consistent with the constraint (5.2). Using the approximation T ∼ (HMpl)
1
2 , where
T is the CMB temperature, this imposes the following condition on the temperature at
R ∼ 1:
TR∼1 ≫ 10−23Mpl ∼ 0.1 MeV. (5.5)
Thus, to be consistent with the local constraint on terrestrial electromagnetism, the growth
of the normalised vector field energy is required to end at latest around the time of big bang
nucleosynthesis when Tbbn = 0.1-1 MeV. Since R is monotonically decreasing in the perfect
fluid dominated universe (R ∝ e−4α in the radiation-dominated epoch and R ∝ e−3α in the
dust-dominated epoch), we set R ≪ 1 for T ≪ 1 MeV. It follows that the energy density
of the vector, both in the electric and the magnetic case, will evolve as in the conventional
electrodynamics, i.e. E2, B2 ∝ e−4α and therefore ΩH ∝ e−4α. Using that T ∝ e−α, we
obtain the relation
ΩbbnH ≃ Ω0H
(
Tbbn
T0
)4
, (5.6)
where Ω0H and Ω
bbn
H are the values of ΩH today and at big bang nucleosynthesis, respec-
tively. The CMB temperature today is T0 ≃ 10−4eV. We therefore have ΩbbnH ≃ 1040Ω0H .
The theory of big bang nucleosynthesis requires that the universe was dominated by the
CMB and three effectively massless neutrino species at Tbbn, i.e. that Ω
bbn
H must be smaller
than unity. This corresponds to the following constraint at the present time:
|Ω0H | < 10−40. (5.7)
We conclude that the effect of ΩH on the evolution of the universe becomes increasingly less
significant after the big bang nucleosynthesis. It is interesting to compare this constraint
to that on a uniform magnetic field in the conventional electrodynamics. In that case the
strongest limit on a uniform magnetic field today comes from the CMB anisotropy and is
[87]
B0 . 10
−9 Gauss (5.8)
or equivalently
Ω0M =
B20
6MplH
2
0
. 10−12, (5.9)
which is much weaker than the upper bound on the Horndeski part of the Lagrangian (5.7).
Evaluating these constraints at decoupling time (z ≃ 1100)
|ΩdcH | ≃ Ω0H11004 . 10−28, ΩdcM ≃ Ω0M1100 . 10−9, (5.10)
we note that |ΩdcH | ≪ ΩdcM . Consequently the additional anisotropic stress induced by
the non-minimal coupling is completely negligible in the entire period between decoupling
time and today. Now, since the upper bound on a uniform magnetic field comes from the
modified temperature pattern in the CMB created by the shear (which is sourced by the
anisotropic stress), it is clear that the constraint so far obtained is strong enough to exclude
any signature of ΩH in the CMB, and (5.9) holds also in Horndeski’s generalised theory.
This result reflects the fact that ΩH decays much faster than ΩM after reaching R ∼ 1.
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In a similar manner, even a direct detection of homogenous cosmological magnetic fields
would not improve the constraint on λ either since the regime ΩH > ΩM must come prior
to big bang nucleosynthesis.
So far we have assumed that the vector field is identified with photons, i.e. that the
model is an extension of the ordinary electrodynamics. If this is not the case, and the
model is merely taken to be a hypothetical vector-tensor theory, the bound on the non-
minimal coupling constant (5.2) is not valid and the normalised vector field energy can
grow also at late times if λ is enormous. To good approximation, we have Σ ≷ 0 when
ΩM ≷ ΩH , as noted in section 3.3.3, and this could have some interesting phenomenological
consequences. Since the ∆T/T created in the CMB by the shear is an integrated effect,
which is proportional to [88] ∫ α0
αdc
Σdα,
a cancellation effect will occur if the peak value of the normalised vector field energy
(around R ∼ 1) occurs between decoupling time (αdc) and today (α0). First, one will have
a period with ΩH > ΩM where both ΩM and ΩH grow and Σ < 0, followed by a period
with ΩH < ΩM where both ΩM and ΩH decay and Σ > 0; see figure 5. By fine-tuning the
non-minimal coupling constant, the cancellation can be made exact leaving no effect on the
CMB despite having a relatively large amplitude of shear. Numerical simulations show that
this cancellation requires that ΩH peaks at a low redshift; as an example, ΩH must peak at
redshift z ∼ 0.6 for the initial conditions in figure 5. The shear still needs to be consistent
with the supernovae Ia data which is isotropic to the 1% level, but this is significantly
relaxed compared to the CMB bounds in models where Σ is positive or negative definite
where |Σ| is never greater than ∼ 10−5. The possibility of such a cancellation effect was
mentioned in [89, 90] and to the best of our knowledge, Horndeski’s theory is the first
instance of a Lagrangian for which such a scenario may be dynamically realised.
6 Conclusion and outlook
In this work, we have explored the cosmological consequences of a most general vector-
tensor theory that gives second-order field equations equivalent to Maxwell’s equations
when evaluated in flat space-time. We have focused on a simple dynamical setup which is
well understood in the conventional electromagnetism, namely the case of a uniform electric
or magnetic field in an axisymmetric Bianchi type I universe. We have investigated the non-
linear evolution equations by using several different approaches, including the conventional
dynamical systems analysis in terms of Hubble normalised variables such as ΩM and ΩH .
In contrast to the conventional electromagnetism, the theory treats electric and magnetic
fields in different ways and we have discussed each case separately.
It has been found that the cases of a positive and negative non-minimal coupling pa-
rameter λ are drastically different. For λ < 0, we identified physical finite-time singularities
where the deceleration parameter diverges. In the electric case, the singularity comes from
the modified evolution equation for the electric field, while in the magnetic case, it stems
from the Einstein equations. In both cases, we identified a range of initial conditions (which
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depend on λ) for which the singularities are inevitable. Although we have been unable to
show the singularity is unavoidable during inflation, its mere existence in state space is a
problem in itself and suggests that the theory is pathological for λ < 0, regardless of the
other matter fields in the universe. Our result effectively rules out the possibility of gener-
ating anisotropy or magnetic field during inflation by employing this type of non-minimal
coupling.
For λ > 0, it appears that the modification is relatively harmless as there is no singular
behaviour and the Friedmann solution (F ) is the future attractor for any perfect fluid
satisfying γ < 4/3. For inflationary universes with γ ≪ 1, we have found F to be stable, and
consequently all anisotropies are washed out. In radiation and dust-dominated universes,
however, we find a rather interesting phenomenology. Namely, in the electric case, the
stability of F is time dependent and there is a transient period where both ΩM and ΩH
grow. Both ΩM and ΩH reach their maximum values around the time ΩM ∼ ΩH , and then
ΩM decays adiabatically but the decrease of ΩH is much faster. Demanding the validity of
the Maxwellian electromagnetism in terrestrial environments, this peak value has to occur
at the latest by the time of big bang nucleosynthesis, which means the cosmological effect
of ΩH afterwards is always negligible. Therefore, all the cosmological constraints after
nucleosynthesis are based on the dynamics of ΩM and hence cannot be used to improve the
upper bound on the non-minimal coupling constant λ. Nevertheless, a huge amplification
of electric field energy may have taken place in the early universe (ΩM ∝ e8α when F is
unstable). Even if electric fields are washed out during inflation (ΩM ∝ e−4α if γ ≃ 0),
there could be enough time between reheating and big bang nucleosynthesis for ΩM to grow
significantly if inflation lasts not much more than 60 e-folds and the reheating occurs at a
relatively high energy scale. After the amplification saturates, ΩH decays quickly and soon
becomes negligible so that it does not cause any significant problems at later times. We
note that this amplification is characteristic of uniform electric fields; for uniform magnetic
fields, the dynamics near F are practically identical to the conventional electromagnetic
case. It should also be pointed out that we have been ignoring any interaction between
the electromagnetic field and other matter species. In a realistic scenario, one expects the
universe becomes highly conducting at some stage and large scale electric fields quickly
decay away. To study this dissipation of electric fields due to the microphysics of plasmas
is beyond the scope of the present analysis for the homogeneous fields.
Contrary to the minimally coupled Maxwell case, we found that the generalised energy-
momentum tensor may source both a positive and negative shear. If the theory is merely
taken to be some hypothetical vector-tensor theory (not electromagnetism), so that the
Hubble normalised field energy may grow at late times, this opens up the possibility for
cancellation effects in the CMB. In particular we saw that if ΩH peaks around redshift
z ∼ 0.6, all CMB effects of the anisotropic expansion cancel exactly. The possibility of
such a cancellation effect was mentioned in [89, 90] and to the best of our knowledge,
Horndeski’s theory is the first instance of a Lagrangian for which such a scenario may be
dynamically realised.
In this work we have neglected all spatial derivatives, and focused on understanding a
non-linear dynamics of the homogeneous fields. Physically, uniform electric and magnetic
– 27 –
fields correspond to a long wavelength limit of cosmic electric or magnetic fields. This
approach has been fruitful as it enabled us to identify singularities at the background
level and therefore rule out any interesting cosmological application of this theory for a
negative non-minimal coupling. Although this makes the theory irrelevant in the context of
inflation, we have demonstrated that a non-trivial phenomenology is possible in the early
radiation-dominated universe. We point out that the short-wavelength limit appears to be
an interesting direction of further investigation. Especially, when spatial derivatives are
taken into account, it would be interesting to see if an amplification of cosmic magnetic
fields could be possible before big bang nucleosynthesis. It is also necessary to check if the
model avoids instabilities from inhomogeneous perturbations.
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